In Case 1, the capacity of the column is controlled by material failure of the cross section at the point of maximum moment: the mid-height moment at Point C l has reached the load-moment interaction curve of the cross section. In Case 2, the capacity of the column is governed by instability: at Point B 2 the column bows sharply and the load capacity is reduced.
If the load were monotonically increasing, the mid-height section would be rapidly displaced to Point E 2 and material failure would occur, as a secondary cause of collapse. If the vertical displacement were controlled or if load-shedding were possible, the load would reduce as the mid-height section followed Path BQ C2 , with material failure finally occurring at Point C2. Fig. 2 shows the load-moment interaction curves for a reinforced concrete column with 6 percent longitudinal steel. The short-column curve is shown, together with curves for various slenderness (Llr) ratios, drawn through points such as D1 and D2 of Fig. 1 . These points were calculated by means of a computer program which has been fully described elsewhere.1.2 Fig. 2 also shows whether the capacity of the long columns is limited by material failure or instability, and it will be seen that the latter does, in fact, govern only when the slenderness ratio approaches 100. Fig. 3 shows similar results for a column which has only 1.5 percent of longitudinal steel. Instability governs the behavior of somewhat less slender columns in this case, particularly at higher axial loads.
DIFFERENCES IN RESPONSE OF REINFORCED AND PRESTRESSED MEMBERS
Figs. 4 and 5 show the same results for a prestressed concrete column and a double-tee wall section, respectively. The steel ratios for these sections are, of course, much lower than for reinforced concrete members, and in practice, the prestressed column also tends to be more slender. Also, load-bearing wall panels often carry very low axial loads as compared to columns.
It will be seen in Figs these prestressed sections (the wall panel in particular) differ from reinforced concrete columns in that the balanced load is relatively much higher, and that they are governed by instability throughout most of the slenderness range, even at low axial loads. (In comparing the figures, however, note that Figs. 4 and 5 extend to higher values of slenderness.)
Finally, one may comment that reinforced concrete columns are generally built into continuous frames, so that the primary moments are affected by the loss of stiffness that accompanies approaching instability. Precast columns, on the other hand, are generally statically determinate during the application of dead load and often for live loads as well.
APPROACHES TO THE DESIGN OF SLENDER COLUMNS
This section considers alternative approaches to stability analysis.
Stability Analysis of Entire Frame
This is the preferred method; most design codes give semi-empirical formulas for component design, but, when the applicable range of parameters is exceeded, require that a rational analysis be made, presumably of the entire frame. The difficulty, of course, is that it requires a number of cycles of analysis and design to arrive at a satisfactory solution. MacGregor 3 has summarized some of the aspects and methods of making such analyses.
Stability of Components
A more practical approach to design is to estimate the influence of frame action and account for it by adopting an effective length for the column. That is to say, the range of the points of inflection is first estimated and then an equivalent pin-ended column is extracted for analysis by one of the following procedures:
1. Rational Analysis of Individual Elements-It is now possible, by computer, to make numerical analyses of particular columns with as much accuracy as may be desired; the limit is set only by the computational effort that is expended.
The Additional Moment
Method -This method has been adopted by many European codes, including the British CP 110 6 and the German DIN 1045. Semi-empirical formulas give the additional moments over and above the primary moment, which arise from changes in the geometry. The analysis is generally limited to failure conditions. 
The Moment Magnifier Method -

The Reduction Factor Method -
In this procedure, which is permitted as an alternative by the ACI Code, both the load and the moment are reduced. In effect, curves such as those of Fig. 2 for slender columns are derived by contracting the short column curve, reducing it according to an empirical formula depending on the slenderness ratio.
Direct Methods -Application of
direct methods such as energy, or weighted residual methods to determine the critical load of columns governed by instability, are alternatives to the above methods.
COMMENTS ON THE APPLICABILITY OF METHODS TO PRESTRESSED CONCRETE COLUMNS
While a nonlinear stability analysis of the entire frame may be desirable as the final step in the design of an important structure, it does not obviate the need for an initial design procedure. Further, as noted above, prestressed precast concrete columns are often parts of statically determinate systems in which the primary moments are not dependent on stiffness. The need for such a complex procedure does not exist in these cases. Rational analysis of individual elements, however, does seem to be a highly appropriate procedure for the precast industry, when standardized elements are under consideration. It would be relatively simple and extremely useful for precasters to supply families of interaction curves, such as those of Figs. 2 through 5 for. standard cross sections at different slenderness ratios, derived by means of computer programs such as that referred to above. An example for a typical hollow-core slab is shown in Fig. 6 .
Nevertheless, the need for a simple design procedure remains. The additional moment and moment magnifier methods (which are essentially the same) both present difficulties when the capacity is governed by instability, as it generally is with prestressed columns (Figs. 4 and 5 ). In the paper forming the basis of the British design procedure, Cranston writes: "Whilst such a method will not deal realistically with instability and deflection failure, it should be possible to ensure that the method is conservative for such cases." This point will be discussed below.
In view of the complexity of the problem and the number of relevant parameters, the reduction factor method cannot be expected to work well for the general case. Approximate solutions for the critical load of nonlinear columns, on the other hand, does attack the root of the problem for prestressed columns, but it may not be possible to reduce such a solution to a workable design office procedure. 
ADDITIONAL MOMENT AND MOMENT MAGNIFIER METHODS
In this section, representative examples of the two methods generally used in existing codes of practice will be discussed in detail.
The basic assumptions of these methods, illustrated in Fig. 7 , are that the column will deflect laterally, there will be an additional P-A moment, and eventually, at the point of maximum moment, material failure will ensue (as opposed to instability failure of the entire column). Then, in a pinned-pinned column, for example, the conditions at mid-height are known at failure: for the given load, the moment and curvature can be deduced from the short column interaction curve. Making some assumption about the moment curvature relation, the distribution of curvature along the column length can be approximated, and the deflection and the P-A moment can then be computed. The capacity available for the primary moment follows. The British and American applications of this approach will be used as representative examples.
The British Method of CP 1106
cated by the Comite Europeen du Beton, is added to give:
where L is the effective length
This value of ultimate curvature may then be assumed throughout the load range, or a linear decrease to zero may be introduced from the balanced load to the maximum pure axial load. Fig. 8 shows that this variation of ultimate curvature is not unreasonable above the balanced load.
The moment curvature relationship as moment is increased at constant load is then taken to be linear up to the ultimate value of Eq. (2) for any axial load. Fig. 9 shows that this assumption, too, may be considered acceptable above the balanced load:
From this it follows that the curvature distribution along the column is similar to the moment distribution, and the deflection at mid-height should lie between L2/(84 u ) for uniform distribution of moment and curvature and L2/(124) for triangular distribution of moment and curvature.
Using an average value of L2/(104), we obtain: The curvature at the balanced point of the short column interaction curve is A = h /L21 r1 -0.0035 L2) K (3) calculated as: 
The section must then be safe with respect to the short column interaction curve under the load P and a moment equal to the primary moment plus P0.
In Figs. 10 through 13, the dashed line shows the true value of the ulti- mate curvature of the short column, as obtained by rational analysis. Assuming that the deflection is, in fact, equal to L2/(104 ), the value of the curvature 0u which would give the correct PA effect is deduced and plotted on the figures; that is, if all the assumptions of CP 110 are retained, but the curvatures plotted as solid lines in Figs. 10 through 13 were used in place of Eq. (2), the correct Pd moment would be obtained.
Recall the curvature which is used in CP 110 is the value at the balanced load point, with the optional reduction above the balanced load. (This variation is also shown on each of the figures, as a dash-dot line.) Thus, the diagrams reflect the applicability of the CP 110 procedure: if the solid lines (which would give the correct result) are tightly grouped around the dash-dot line actually used by CP 110, the procedure will work well; the more widely spaced the solid lines are, the more erratic the procedure will be.
It will be seen that, judging by these figures, the accuracy of the method may be expected to deteriorate as we move from heavily reinforced concrete sections to more lightly reinforced sections, to prestressed columns, and to the double-tee section. This might have been expected since, as noted above, the method is really predicated upon material failure, and Figs. 2 to 5 have shown that instability failure becomes more dominant as we progress through the same sequence of cross sections. It may also be noted that, when the assumed curvature lies to the right of that which would give the correct result, the column is being assumed to be more flexible than it really is; that is, this will give a conservative estimate of slenderness effects. It will be seen that CP 110 is occasionally somewhat unconservative but generally satisfactory above the balanced load. Below the balanced load it is very unconservative.
The effect of the CEB slenderness modification (1 -0.0035 Llr) is shown on Fig. 10 by small marks on the balanced load ordinate. The variation with slenderness is reasonable, but by shifting the assumed curvature to the left it makes the method still less conservative.
In general, the application of CP 110 procedures to prestressed sections is hampered by the following points! 1. It is more difficult to compute the curvature at any point on the load-moment interaction curve, since there is no defined yield point for the steel, and since the strains in the steel and concrete are not directly compatible. (However, these difficulties could be overcome.)
2. The balanced load point is relatively higher, so that the range in which the CP 110 procedures are unsatisfactory is greatly extended. 3. Many prestressed concrete columns and particularly wall panels carry light axial loads, and so are well within the range referred to in Item 2 above. 4. These members are generally governed by instability failure, so that the basic assumption of the procedure is violated. This is illustrated by the spread in values of curvature 1/ou that would be required to give the right answer in Figs. 12 and 13.
The Method of ACI 3184
The deflection of an elastic pinended beam is increased in the presence of an axial load, and it can be shown that the final deflection is given to a very close approximation, by: Pcra will also be small, we can ignore (6) the term:
-PlPcrtt
Peru D°P /P crtt (1 -M Assuming, as in the case of CP 110, °t hat the distribution of primary moment in comparison with unity. Thus, it is arlies between a uniform and a triangular gued that, for the elastic case, the magdistribution, and again confining our-nified moment is given with sufficient selves to the elastic case, we have.
accuracy by: We note, once again, that this expression is applied to the elastic case, with:
,1) (1_P/P ci.u+PoIMo) M=M1-PIP Grit
AEI PcTu = L2 (8)
The term EI, of course, is the curvature constant; for the elastic case, curvature 0 = MIEI. The ACI procedure adapts this expression for the inelastic case of reinforced concrete columns by including an empirical expression for the rigidity EI. Once again, the column must be safe with respect to the short column interaction curve under the load P and the magnified moment M. Fig. 14 shows the load path OA at the end of a pinned column loaded under equal end eccentricities. OBC is the load path followed by the mid-height section of the column. As the load increases, the magnification increases as suggested by the formula developed above; but the moment-curvature relation eventually becomes nonlinear, and this leads to a slightly more rapid increase in the moment magnification.
The ACI formula, however, assumes a linear relationship between moment and curvature; it is desirable that the predicted load should end at the correct point C, so the empirical value of EI is presumably chosen so as to exaggerate the moment magnification slightly at In the case of a column which fails in the instability mode, the end follows a load path such as OE, while the midheight section follows the path OFG. If the two methods really worked exactly, the additional moment of CP 110 or the magnification factor of ACI 318 would both increase without bound quite suddenly when the load corresponding to Point F was reached. However, CP 110 is predicated upon material failure, and ACI 318 upon linear moment-curvature relationships, so they must be adjusted in some empirical manner to account for instability failure. In the ACI procedure, the value of El must be adjusted to predict a load path such as OHJ, so that it appears that material failure occurs at the load corresponding to Points F and J.
As pointed out above, this is a much more serious problem for prestressed columns than it is for reinforced con-crete members. In the British procedure, the deflection when the midheight section is really at Point F must be exaggerated to give aP-0 moment of EJ instead of EF. This happens automatically, to some degree, since the curvature is assumed to be the ultimate value, corresponding to Point J, instead of that corresponding to Point F; but Figs. 12 and 13 show that the self-correction of the method is far from perfect.
It is seen, then, that if these methods are to be used when failure is generally governed by instability rather than by material failure, the rigidity (EI in the ACI procedure; curvature at ultimate moment, 4, in the British procedure) must be artificially modified to give the appearance of material failure when instability actually occurs. It was decided to attempt a modification of the ACI procedure, as detailed in the next section.
MODIFICATION OF THE ACI MOMENT-MAGNIFIER PROCEDURE FOR PRESTRESSED COLUMNS
In this section, current efforts at empirical modification of code procedures, to fit them to prestressed concrete columns, are described. The ACI method was selected for attention. In order to develop a data base for comparisons, the previously mentioned computer program was used. (Note that the experimental verification of the program has been discussed by Alcock. 2 ) Fortyeight sections as shown in Fig. 15 were analyzed, each at ten load levels and six effective lengths, that is the equivalent of 2880 laboratory experiments.
It was desired to modify the rigidity (and hence the curvature) of the section, as discussed previously, to achieve the fictitious load path OJ of Fig. 14. In the ACI Code for reinforced concrete columns at low levels of reinforcement ratio, the rigidity is set equal to: E,1, /2.5 (9) where E, I, = EI for the gross concrete section.
Since the steel ratio is generally very low for prestressed concrete columns, it was hoped that the rigidity could be set equal to:
E,I,/x (10)
where A would be a scalar function of a limited number of parameters. The affect on A of the following factors was investigated:
(a) Amount, distribution, and level of prestress.
(b) Shape of cross section.
(c) Load level P/P0 , where P,, is the pure axial load capacity.
(d) Slenderness ratio L/r.
Effect of Prestress
Within a practical range of prestress, up to about 600 psi (4.14 MPa), increasing the amount of prestressing or distributing it more widely across the section appears to increase the short column bending capacity more than it increases the moment at instability. This makes the proposed procedure somewhat less conservative, but within the stated range of stress the variation is not large.
The variation is greater at low axial loads, since the prestress, and particularly its distribution about the centroid, affects bending capacity more than axial load. However, higher levels of prestress have the effect of reducing the balanced load, and finally of eliminating the tension failure region of the column interaction curve, drastically changing the behavior of the cross section.
The same effect is brought about if excess high strength prestressing steel is used at a low level of stress in the steel, to induce low initial prestress in the concrete. These phenomena can be observed in analyzing some of the tests done by Aroni. 8 Nevertheless, it was felt that a value of X which applied only to columns with initial prestress up to 600 psi (4.14 MPa), achieved by use of prestressing steel utilized at high stress, would be of practical value.
Effect of Cross Section
The shape of the cross section has a marked effect on column behavior. A wide compression flange again increases the bending capacity more than it affects the initial curvature, or the instability moment. Thus again, the apparent magnification factor should be larger.
Effect of Load Ratio and Slenderness
The principal variables affecting the required values of A are, however, the load ratio P/P0 and the slenderness ratio L/r. In the interests of developing a practical procedure, therefore, it was decided to base A upon P/P0 , Llr, and on the presence or absence of a compression flange, and to account for other influences by adopting a sufficiently conservative form for X.
The value of A to give the "correct" computed long column moment was deduced for each of the 2880 cases mentioned above, and tabulated against the ratios P/P. and L/r. A trial function for A was then adopted; the difference between the moment capacity obtained from the computer program and the value based on the trial A was determined and expressed as a ratio of the computer value.
The trial function was varied in an endeavor to get small differences on the conservative side. This was done for sections with and without a compression flange; no precise definition of a compression flange could be arrived at, but essentially the question seems to be whether or not the compression stress block will be rectangular at lower loads.
The expressions finally arrived at were as follows:
X=778-1. The magnification factor is then given by the familiar ACI formula: (The curves for real columns do terminate, for example, at the appropriate P/P,, ratios shown.) Using these curves as a base line, the distributions of errors, arising from use of Eqs. (11) and (12), are plotted for the 48 columns of Fig. 15 for each load and slenderness ratio, i.e., the distribution of errors is shown relative to the long column moment in each case, but, to put the situation in perspective, the long column moments are shown in a schematic relationship to each other. It will be noted that:
= Cm
1. There is considerable scatter, extending to the unconservative side, at very low loads (P/P, = 0.02). This apparently reflects the influence of section shape, amount, and distribution of prestressing steel when the load is almost pure bending. The easiest way to avoid this problem would be to base design on a minimum axial load, in addition to prestress, of 0.05 P0.
2. At an Llr ratio of 150, the results have become erratic.
3. At high axial loads, the results tend to separate into two groups, which are found to represent the flanged and non-flanged sections. This is not significant, as the minimum eccentricity required by codes precludes design in this region.
4. Between these regions the distribution of errors is about as good as can L/r increases, and these trends may deserve comment.
The above can be explained by reference to Fig. 25 , which shows the moment-curvature relationships at two different loads for the square prestressed concrete column of Fig. 2 . The curve for the 500-kip load is higher and steeper than that for the 100-kip load. pected to be related to the tangent modulus. Although they cannot be determined with great accuracy, values of the tangent modulus at the centerline or mid-height of the column at the moment of instability are given in Table 1 .
The secant values of rigidity would clearly follow the same pattern as those in Table 1 , and they are seen to exhibit the trends reflected in Eq. (11), increasing both with load and with slenderness. However, it must be recalled that Eq. (11) is not intended to give the actual values of rigidity, but rather to give artificial values leading to the fictitious load path OJ of Fig. 14 .
It is interesting to note the values given for the critical loads when the tangent rigidities of Table 1 Again, following Shanley, one might expect them to give slightly low esti- Note: 1 kip-in. = 0.113 kN-m. mates of the actual loads at instability. The average tangent rigidity in the column is somewhat higher than the value reached at midheight.
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RECOMMENDATIONS
It is recommended that the design of prestressed concrete columns by means of Eqs. (11) and (12) be permitted, subject to the limitations listed below. When these limitations cannot be met, some rational procedure must be substituted, and use of a computer program such as that referred to above would be considered acceptable. Limitations:
1. The intial prestress in the concrete should not exceed 600 psi (4.14 MPa).
2. The prestressing steel should be initially stressed to at least 50 percent of its ultimate strength. NOTE: Discussion of this paper is invited. Please submit your discussion to PCI Headquarters by Nov. 1, 1983. 
